We propose that, in N = 4 Super Yang-Mills theory, correlation functions of certain 1/8 BPS Wilson loops and local operators inserted on a S 2 in spacetime may be computed in terms of analogous observables in the "zero-instanton" sector of 2d Yang-Mills theory. The Wilson loops are mapped to the standard Wilson loops of the 2d theory, as recently conjectured, while the local operators are mapped to powers of the 2d field strength. We give several perturbative checks of the correspondence, and derive from 2d Yang-Mills a two-matrix model for the correlator of a local operator and a Wilson loop of arbitrary shape. We show that the strong coupling planar limit of the two-matrix model precisely agrees with a string theory calculation in AdS 5 × S 5 . * On leave of absence from ITEP, 117218, Moscow, Russia
Introduction
Supersymmetric Wilson loops in the four-dimensional N = 4 super Yang-Mills theory have been extensively studied over the past years. One specific motivation is that, in certain cases, they may provide examples of physical observables which are nontrivial and yet exactly calculable. In particular, one may obtain this way interesting quantitative tests of the duality to type IIB string theory in the AdS 5 × S 5 background [1] [2] [3] .
In [4, 5] an exact result has been conjectured for the circular maximally supersymmetric 1/2 BPS Wilson loop operator: its expectation value can be computed using a Gaussian Hermitian matrix model. This conjecture has passed many subsequent tests, in particular it agrees with all the available calculations in the dual string theory 2 . In [16] the Gaussian matrix model has been derived using localization of the four-dimensional path integral to supersymmetric configurations.
In [17] [18] [19] a large class of interesting, generically 1/16 BPS, Wilson loops has been found. Those loops live on a three-sphere S 3 in Euclidean space-time R 4 . Imposing some restrictions on these Wilson loops on S 3 one gets various 1/8, 1/4 and 1/2 BPS Wilson loops. In particular, restricting to the equator two-sphere S 2 ⊂ S 3 , one gets generically 1/8 BPS Wilson loops. In [17] [18] [19] it has been conjectured that the expectation values of 1/8 BPS Wilson loops on S 2 are exactly captured by a purely perturbative calculation in the two-dimensional bosonic Yang-Mills theory on S 2 . In two dimensions, the preferred gauge choice is the light-cone gauge, since then there are no interactions. The conjecture of [17] [18] [19] then implies that the 4d expectation values should be equal to the sum of the ladder diagrams of 2d Yang-Mills in light-cone gauge 3 . This prescription is not equivalent to the exact 2d bosonic Yang-Mills theory [20] [21] [22] [23] , but instead to a "truncation by hands" of all non-zero instantons on S 2 [24] [25] [26] . In [27, 28] the conjecture has been supported at λ 2 order for a single Wilson loop on S 2 (in the case of the "two-longitudes" loop [27, 28] as well as "wavy-latitude" loops [28] ), where λ = g 2 Y M N is the 't Hooft coupling constant for Yang-Mills theory with SU(N) gauge group. In particular, in [27, 28] it was found that even when there are non-trivial N = 4 SYM interacting Feynman diagrams, the final result agrees with the ladder diagram computation in 2d YM in light-cone gauge. However, for a connected correlator of two latitudes on S 2 , [28] found a discrepancy at order λ 3 between the Feynman diagrams in N = 4 SYM and the ladder diagrams of 2d YM in light-cone gauge. Subsequently, in [29] and [30] several new tests in support of the original conjecture have appeared. In particular it was shown in [29] that invariance under are preserving diffeomorphisms holds at strong coupling, as implied by the conjecture, and a Gaussian two-matrix model for the connected correlator of two Wilson loops on S 2 was derived from the exact solution of 2d YM [29] [30] . Its strong coupling limit agrees with the fact that there are no connected supersymmetric string worldsheets joining the two loops [29] , and the first subleading corrections to the saddle point at strong coupling have been shown to agree in [30] with the exchange of light supergravity modes between the two worldsheets. Further, in [30] a Feynman diagram calculation in N = 4 SYM at order λ 3 , in the limit of one shrinking loop, was shown to be consistent with the two-matrix model.
In [31] the localization framework was used again to understand the relation be-2 See [6] for a review of earlier work, and [7] [8] [9] [10] [11] [12] [13] [14] [15] for a partial sample of more recent relevant work. 3 More precisely, this is an Euclidean version of the light-cone gauge, defined by Az = 0, where A is the 2d gauge field and z,z are complex coordinates on S 2 .
tween the four-dimensional N = 4 SYM and the two-dimensional theory on S 2 , where the interesting Wilson loops live. Using localization, one gets naturally a Lagrangian formulation of the conjectured 2d theory, which turns out to be closely related to 2d Hitchin/Higgs-Yang-Mills theory [32] [33] [34] , and also a natural explanation of the prescription to truncate the 2d instantons in the 2d YM conjecture. The localization computation in [31] for 1/8 BPS loops was not completed at the same level of rigour as in [16] for 1/2 BPS loops. One still needs to evaluate the one-loop determinant for the field fluctuations in the directions normal to the localization locus. However, there are many reasons to believe that such determinant is trivial in the N = 4 theory, and then the localization [31] would support the original conjecture [17] [18] [19] . Moreover, the localization framework allows to establish a complete correspondence between all observables in the N = 4 SYM which share a number of certain superconformal symmetries and observables of the 2d theory. In particular, one immediate consequence is establishing the 2d description of certain local operators on S 2 which share some common superconformal symmetries with the relevant 1/8 BPS Wilson loops. These operators are chiral primaries equipped with an explicit space-time dependence, of the form tr(
J , where x i are coordinates on R 3 on which the two-sphere
is embedded, Φ i are the three scalars which couple to the 1/8 BPS Wilson loops, and Φ B is any of the remaining three scalars. Note that the definition involves an identification of a SO(3) subgroup of the R-symmetry group with the SO(3) rotating the x i 's, as it is natural in the construction of the 1/8 BPS Wilson loops of [17] [18] [19] . Actually, these local operators on S 2 are a special case of a more general class of protected operators on R 4 which was recently studied in [35] , where the preserved supersymmetries and the non-renormalization properties of their correlation functions were investigated. When an arbitrary number of such local operators is inserted on S 2 , the system preserves 4 superconformal supercharges. On the other hand, the combined system of Wilson loops and local operators on S 2 preserves 2 common supercharges, which is sufficient for the localization of [31] to be applicable. In particular, it follows that these local operators are mapped in the 2d theory to insertions of powers of the YM field-strength (or more precisely its Hodge dual).
In this note we make several detailed weak and strong coupling tests of this correspondence involving the chiral primaries on S 2 , and our results support the 2d YM conjecture. In particular we study, to leading order in perturbation theory, the correlator of a local operator and a Wilson loop and obtain agreement with the corresponding computation in 2d YM. Further, from summing up the ladder diagrams of 2d YM in light-cone gauge we derive a two-matrix model for the the exact correlator of a local operator and a Wilson loop. This can also be written as a complex matrix model, and then one can see that our results imply as a special case the original conjecture of [36] for the exact correlator of a 1/2 BPS circular loop and a chiral primary 4 . We solve the two-matrix model in the planar limit, and show that at strong coupling it exactly matches the corresponding string theory calculation in AdS 5 × S 5 , using the explicitly known string solutions for the 1/4 BPS latitude [43] [17] and the 1/4 BPS two-longitudes [17] loops.
Hence, until now, all available results essentially support the original 2d YM conjecture, except the result in [28] on the connected correlator of two Wilson loops at λ 3 order. In an attempt to explain such discrepancy, in [30] doubts were raised as to whether the light-cone gauge prescription Az = 0 is equivalent to the Hermitian two-matrix model [29, 30] which captures the zero-instanton sector of 2d YM on S 2 . In appendix we show that the ladder Feynman diagrams in the light-cone gauge Az = 0 for the correlator of two latitude Wilson loops on S 2 are actually in precise agreement, to all orders, with the Feynman diagrams of the Hermitian two-matrix model, so the discrepancy in [28] still remains unsolved.
The paper is organized as follows. In Section 2 we set up our notations and conventions, we explain the 2d description of the local operators implied by localization, and we study the supersymmetries preserved by local and Wilson operators on S 2 . In Section 3 we give our perturbative checks of the proposed 2d-4d correspondence. In Section 4 we derive the two-matrix model from 2d YM in light-cone gauge and solve it in the planar limit. In Section 5 we present the string theory calculation of the correlator between a local operator and a Wilson loop. Finally, in the Appendix we collect some notes about 2d YM in light-cone gauge and the equivalence with the Gaussian matrix models derived from the zero-instanton sector.
Preliminaries

Notations and conventions
The N = 4 SYM action on R 4 with the standard flat metric is
where µ = 1, . . . , 4 are space-time indices and A = 1, . . . , 6 are SO(6) R indices. Here we use conventions such that the covariant derivative is D = d + A, the curvature is
, and all fields take value in the Lie algebra of the gauge group,
g. in the anti-Hermitian matrices for the U(N) gauge group. The anti-Hermitian generators satisfy tr T a T b = − 1 2 δ ab . Hence the action may be also written as
The 1/8 BPS Wilson loops of [17] [18] [19] are located on a sphere S 2 of radius r defined as x 4 = 0,
2 , and they couple to three of the six scalars, Φ i , i = 1, 2, 3
where d R denotes the dimension of the representation R. According to the conjecture of [17] [18] [19] , this supersymmetric operator is mapped to the standard Wilson loop on the same contour C and representation R in the two-dimensional Yang-Mills theory with action
where
We will use the notationÃ,F for the fields of the two-dimensional theory. In particular [31] we haveÃ = A + i * 2d Φ t where * 2d is the Hodge star 6 on S 2 and Φ t is the two-component one-form obtained from the components of the 4d field Φ i "tangent" to the S 2 , see eq. (2.3).
Localization for local operators on S 2
In [31] it is shown that the 4d N = 4 SYM path-integral localizes to a 2d theory on S 2 , namely to the constrained Hitchin/Higgs-Yang-Mills theory, or conjecturally to the zero-instanton sector of the standard bosonic Yang-Mills, which we denote as aYM theory (here "aYM" stands for "almost Yang-Mills", in view of the fact that contributions of the unstable instantons are dropped).
The localization computation [31] implies that certain local observables inserted on the same two-sphere where the 1/8-BPS Wilson loops are located, are also mapped to 5 Here we use the conventions in [17] [18] [19] . These differ from the conventions used in [31] by a relative sign in the scalar couplings. 6 Our conventions for the Hodge star are such that in flat space with metric ds
, and the orientation on S 2 is the standard orientation of flat space when we use the stereographic coordinates.
the two-dimensional theory. We briefly explain this fact in the following, and refer the reader to [31] for more details on the localization calculation.
Choose one of the three remaining scalars which do not couple to the Wilson loops on S 2 and denote it Φ B . In [31] it is shown that at the localization locus one has Φ B = 0, while 6) where Φ t is the "tangential" one-form obtained from Φ i as explained above, and [31] we find another localization equation
which relates the 4d field Φ t to the 2d fieldF . Hence, combining (2.6), (2.7) and Φ B = 0, we see that at the localization locus we have the relation
The field Φ n + iΦ B on S 2 is Q-closed, where Q is the fermionic symmetry used in the localization computation (this is one of the two superconformal supersymmetries shared by the Wilson loops and local operators on S 2 , see Section 2.3). Hence localization is applicable to operators which are gauge invariant functionals of this field. Therefore, the results of [31] imply that the operator O J (x) = tr(Φ n + iΦ B )
J for x ∈ S 2 in the N = 4 SYM theory is mapped to the operator tr(ir * 2dF ) J in the 2d aYM, and hence the correlation function of any number of such operators and any number of Wilson loops are mapped to the corresponding correlation functions in the two-dimensional aYM theory.
In this paper we aim to explicitly compute some correlation functions of this type and compare with the strong coupling limit using the dual AdS 5 × S 5 description.
Supersymmetry
We now show that the supersymmetric Wilson loops on S 2 in (2.3) and the local operators O J (x) = tr(Φ n + iΦ B ) J share two preserved supercharges.
It is convenient to use the notation of N = 1 SYM in 10d, and split the 10 Dirac matrices as Γ M = (γ µ , ρ A ), where µ = 1, · · · , 4, A = 1, · · · , 6, γ µ are space-time 7 Literally in [31] one finds the equation d * 2d
A Φ t = −Φ n . We changed the sign because of different conventions in the definition of the Wilson loop (2.3) versus [31] , and also added the explicit dependence on r.
gamma-matrices and ρ A are the SO(6) R Dirac matrices. The combined variation of the bosonic fields under Poincaré and superconformal supercharges can be written as
where ψ is the gaugino and
where ǫ 0 , ǫ 1 are 16-component spinors corresponding respectively to the Poincaré and superconformal supercharges.
Let us first review the supersymmetries preserved by the Wilson loops (2.3). To simplify notations, we will set r = 1 throughout this section. The loops live on x 4 = 0, x i x i = 1, so we split the 4d gamma-matrices as (γ i , γ 4 ). Moreover since they only couple to three of the scalars, we write ρ A = (ρ i , ρ 4 , ρ 5 , ρ 6 ), where the index i = 1, 2, 3 is identified with the space-time 3d vector index, and ρ 4 , ρ 5 , ρ 6 are rotated by SO(3) B ⊂ SO(6) R . The supersymmetry variation of the loop (2.3) then yields
Therefore the variation vanishes for arbitrary loops provided that
One can eliminate for example ǫ 1 from these equations to obtain the following condi-
These are three consistent equations, but only two are independent since the commutator of any two equations gives the remaining one. With two independent projectors, we are left with 4 independent components of ǫ 0 . Using any of the equations in (2.12), the superconformal spinor ǫ 1 is completely determined in terms of ǫ 0 as
So the conclusion is that the loops (2.3) preserve 4 combinations of Poincaré and superconformal supercharges.
We now turn to the local operators on S 2 , and let us choose Φ B = Φ 4 to be concrete. In this case, the supersymmetry variation yields (see also [35] )
The variation vanishes independently from the insertion point x i if
As before, we can proceed by eliminating ǫ 1 from these equations, which yields the constraints
which are exactly the same conditions found for the Wilson loops above. So again we have 4 independent solutions for ǫ 0 . The superconformal spinor can be now determined in terms of ǫ 0 from any of the (2.16), and the result is
Therefore the conclusion is that the local operators on S 2 preserve 4 supercharges, but these are not the same 4 supercharges preserved by the Wilson loops.
To see whether the local operators and the loops share some supercharges, we should impose that (2.14) and (2.18) are simultaneously satisfied. This yields the further condition on ǫ 0
One can now see that this condition is consistent with the three equations (2.13), as commutators of any two of the four equations (2.13)-(2.19) either vanish or produce an equation in the same set. Therefore there are three independent projectors and hence 2 independent solutions for ǫ 0 . The spinor ǫ 1 is given in terms of ǫ 0 using either (2.14) or (2.18), so we conclude that the combined system of any number of local operators and any number of Wilson loops on S 2 preserves 2 supercharges.
Explicit perturbative checks
In this section we give some explicit perturbative checks of the correspondence O J (x) ↔ tr(ir * 2dF ) J between 4d and 2d theory.
One could always use conformal invariance to take the S 2 to have unit radius r = 1, but we have chosen not to do so to keep dimensions of the relevant quantities in the 2d and 4d theory more transparent. For simple book-keeping let us summarize the dimensions of the relevant quantities in terms of unit of length [L]
1) where z is the complex coordinate on S 2 , see below.
In our conventions the 4d propagators for the gauge field in Feynman gauge and for the scalars are
In the 2d theory, we work with complex coordinates on S 2 , with metric given by
where r is the radius of the sphere. This is related to the standard metric in polar coordinates by z = tan θ 2 e iφ . For 2d perturbative calculations, it is convenient to use the "Euclidean light-cone" gauge defined by
This satisfies
On S 2 there is no ambiguity in the propagator for the kinetic term (3.5). A quick explanation is that the kinetic term operator is the square of the Dolbeault operator∂, which maps (1, 0)-forms on S 2 ≃ CP 1 , which are sections of the bundle O(−2), to the (1, 1)-forms. However, the bundle O(−2) does not have holomorphic sections, hence there are no zero modes, and the propagator is well defined. 8 The components of the 2d gauge fieldÃ z andÃz are treated as independent. This choice of gauge is consistent for perturbative calculations, but it cannot capture the non-perturbative corrections since there are no classical solutions (instantons) that satisfy this gauge. 9 In [18] the gauge field propagator is given in a certain generalized Feynman gauge, in which both A z andÃz are propagating, and theÃ z propagator is related to the one in the "light-cone" gauge used here by a factor of 2.
10 Our convention is such that
We can also explicitly show that there is no ambiguity by solving the equation
on C and analyzing the behaviour at infinity. Here we denoted ρ = (1 + zz)
where f (z) is an arbitrary holomorphic function on C. Solving (3.10), we get
where g(z) is again an arbitrary holomorphic function on C. Now we must require that G z at z → ∞ decreases at least as fast as z −2 in order for the solution to be smooth on CP
1 . Indeed, if we make a coordinate transformation to the coordinatez = 1/z so that the point z = ∞ maps to the pointz = 0, we get G z dz = Gzdz = −Gz dz z 2 . Asking Gz to be finite atz = 0, we see that G z decreases at least as z −2 at z → ∞. However, the solution (3.11) implies that G z (z,z) decreases not faster than z −1 , unless both f (z) and g(z) vanish. Therefore, the equation (3.9) does not have non-zero smooth solutions on CP 1 . The actual solution (3.7) has the correct asymptotics z −2 at z → ∞, hence it exists and is well defined globally on CP 1 .
For later convenience, we also write down the explicit expression for the scalar dual to the 2d field strength in these coordinates
Correlators of local operators
In the 4d theory, the tree level 2-point function of the elementary fields making up the local operators O J (x) on S 2 is (here and in the following we pick Φ B = Φ 4 to be concrete)
where we have used x 2 = y 2 = r 2 since the operators are inserted on S 2 . Thus we see that correlation functions between the local operators O J (x) = tr(Φ n + iΦ 4 ) J are position independent at tree level. This was also observed in [35] (for the more general operators on R 4 of which our operators on S 2 are a special case), and it was argued that position independence holds true even at the quantum level by using a Ward identity which follows from the preserved supersymmetries. It was further argued in [35] , based on the results of [44] , that correlation functions involving an arbitrary number of O J (x) do not receive quantum corrections (up to possible instanton corrections) and thus can be obtained by simply doing Wick contractions with the free propagator (3.13). The position independence implies that the n-point function can be computed by a Gaussian multi-matrix model. It is not difficult to see that the following n-matrix model correctly captures the gauge group combinatorics
where X k = X a k T a are matrices in the Lie algebra of the gauge group. Due to position independence, the tree-level n-point functions are then given by 15) where the correlation function on the right-hand side is taken in the n-matrix model (3.14). Inverting the quadratic form in the matrix model action, one can see that there are only propagators between different matrices, as appropriate for normal-ordered operators O J (x), and the normalization of the action in (3.14) is chosen to match the propagator (3.13).
Let us now turn to the 2d theory. To check the correspondence between O J (x) and tr(ir * 2dF ) J , let us compute the 2-point function
Using the light-cone gauge propagator (3.7) we get
The δ-function piece does not matter if we consider correlation functions of normal ordered operators inserted at distinct points. If we ignore the δ-function term, we then see that this propagator agrees with (3.13) provided we identify the 2d and 4d couplings as g
2πr 2 , as implied by the conjecture of [17, 18] for Wilson loops on S 2 and by the localization calculation of [31] . Since in the light-cone gauge the 2d YM action is free, correlation functions of tr(i * 2dF (z)) J inserted at arbitrary points will be also given, perturbatively, by just doing contractions with the free propagator (3.17). The combinatorics for the contraction of gauge indices is the same as the one for the 4d local operators, so we can conclude that 18) where the equality holds for normal-ordered operators inserted at distinct points. The non-renormalization arguments of [35] and the localization argument we propose in this paper suggest that the relation (3.18) should hold to all orders in perturbation theory (possible instanton contributions on the 4d side are not in principle excluded).
Correlator of a local operator and a Wilson loop
We now consider the correlation function of a local operator and a Wilson loop on S 2 , to leading order in perturbation theory. We will start by considering the correlation function involving a single elementary field Φ n + iΦ 4 , and let us suppress the gauge indices for the moment. In the 4d theory, we wish to compute
Expanding the path-ordered exponential in the Wilson loop, to leading order we have to evaluate
It is not difficult to compute this integral for arbitrary loop, see also [18] . Define θ to be the angle between x i and y i . If we denote by dφ the one-form orthogonal to dθ, then we get
For r = 1 this is equal to half the area of the region of S 2 enclosed by the loop and not containing the point x, up to a choice of +/− sign which depends on the orientation of the loop relative to the point x. If we denote by S + ,S − the two regions of S 2 singled out by the loop, see Figure 1 , such that S + is the one containing the north pole, and if we take the loop to run counterclockwise with respect to the north pole, then we can summarize the result as
where A 1 and A 2 are the areas of S + and S − respectively. It can be seen that this is precisely the behavior expected in the 2d Yang-Mills theory, in particular we see that the result only depends on the area and not on the shape of the loop. Moreover, it is almost independent from the position of the local operator, it only depends on whether the operator is inserted "inside" or "outside" the loop. The curve C divides the S 2 into two regions which we denote as S + and S − . Perturbatively, we find that the correlator only depends on whether the operator is inserted in the S + or S − region.
Let us now carry out the analogous calculation in the 2d theory. Here, to first order in the coupling, we have to compute
Since we are working at first order in perturbation theory, we can essentially assume that we are in the abelian theory. Then by Stokes' theorem we can write
where S + is the region enclosed by the loop and containing the origin of the complex plane (i.e. the north pole). Using (3.12) we get 2 . As a double-check of factors of i and signs, let us also do this computation in a different way using Cauchy's theorem. Using the invariance under area preserving diffeomorphisms of 2d YM, we can for simplicity consider a latitude on S 2 , which is a circle of radius tan
in the z,z coordinates (here θ 0 is the latitude angle). Then
for a latitude circle.
It is straightforward to extend the above calculations to the case of the correlator
) for arbitrary J. To first order in perturbation theory, we consider a Feynman diagram obtained by joining the local operator to the Wilson loop with J "local-to-loop" propagators as computed in eq. 27) where λ = g 2 Y M N is the 't Hooft coupling. In the first line the factor 1/N comes from the normalization of the Wilson loop (we take R to be the fundamental representation), the factor (−N/2) J comes from the contractions of gauge group generators, and the factor of J counts the number of planar diagrams obtained from cyclic permutations. At the next orders in perturbation theory, one decorates the above Feynman diagram by ladder "loop-to-loop" propagators, as well as internal interaction vertices and loops in the case of the 4d theory. In the 2d YM theory in light-cone gauge, on the other hand, there are no interactions and the full perturbative result is given by summing up ladder diagrams. If the conjectured 4d-2d correspondence is correct, the sum of the light-cone ladder diagrams in the 2d theory should be equal to the sum of all Feynman diagrams (including interacting diagrams) in the 4d SYM theory. In the next section we will write down a Gaussian two-matrix model which computes the sum of the 2d light-cone ladder diagrams.
A matrix model for the correlator of O J and W R (C)
Let us start by considering for simplicity the case of a latitude on S 2 . The result can then be generalized to arbitrary loops by using the invariance under area preserving diffeomorphisms of the 2d YM theory. In the case of the latitude, it is especially simple to sum up ladder diagrams, because the "loop-to-loop" propagator is a constant. Let us parameterize the loop as z(τ ) = r 0 e iτ , where r 0 = tan
and θ 0 is the latitude angle. Then the propagator between two points τ 1 ,τ 2 along the loop is, using (3.7),
where in the last equality we have written the result in terms of the areas singled out by the loop, and A = A 1 + A 2 . Since the loop-to-loop propagator is a constant, path ordering is not important and the calculation of the previous section directly shows that the correlator is independent of the insertion point of the local operator. Hence, specializing to the case in which the local operator sits in S + , we can effectively consider the insertion point to be the north pole, i.e. z = 0. Then the local-to-loop propagator is also a constant, see eq. This allows us to easily sum up the 2d light-cone ladder diagrams in terms of the following two-matrix model, which we write directly in terms of the 4d coupling using the relation g
where X and Y are N × N Hermitian matrices. The propagators in this matrix model are 
where the label "0-inst" is to remind us that the sum of the 2d light-cone ladder diagrams does not capture the non-perturbative contributions of the unstable instantons on S 2 . In the above we have assumed that the local operator is inserted in the region including the north pole, and we will do the same in what follows. If the operator is inserted in the complementary region, one simply exchanges the roles of A 1 and A 2 and includes an additional factor of (−1)
J due to orientation.
The arguments of [17, 18] , the localization calculation of [31] and the identification tr(ir * 2dF ) J ↔ O J (x) lead us then to propose that the same two-matrix model may exactly capture the correlators in the 4d N = 4 SYM theory
(4.6) Note that for general loops this matrix model is not equal to the sum of the ladder diagrams in the 4d theory, since the combined gauge-scalar ladder propagator is not equal to the 2d light-cone propagator, but rather to its real part [17, 18] . If the loop-toloop propagator is a constant, which happens in the case of the 1/4 BPS latitude, then the matrix model is indeed equal to the sum of 4d ladder diagrams, and the proposed relation to 2d YM would imply that the sum of interacting diagrams should vanish. It may be possible to explicitly check this, to leading order in perturbation theory, by adapting to our case the results of [4, [36] [37] [38] 43] . For more general loops, on the other hand, one should check whether the sum of ladder and interacting diagrams in 4d is equal to the 2d light-cone ladder diagrams. In the case of the 1/4 BPS loop made up of two arcs of longitudes [17] , this has been successfully checked in [27, 28] for the case of the expectation value of the Wilson loop. It should be possible to extend those calculations to the case of the correlation function with a local operator.
As a consistency check of the two-matrix model, notice that if we do not insert the local operator, then we can integrate out Y exactly and we end up with
which is precisely the matrix model proposed in [17, 18] to exactly capture the expectation value of the 1/8 BPS Wilson loops on S 2 . In the case of a loop at the equator, A 1 = A 2 = A/2, it reduces to the well-known matrix model for the 1/2 BPS circular loop [4, 5] .
In the next subsection we will solve the two-matrix model in the planar limit. Remarkably, the strong coupling behavior precisely agrees with the dual string theory calculation we present in Section 5.
Large N solution
It is straightforward to solve the two-matrix model (4.6) in the large N limit, following [45] (see also [29] for more details on the application of the formalism of [45] to the Gaussian two-matrix model). Since the action is Gaussian, it is also straightforward to solve the matrix model at finite N, but we do not do this here. For simplicity, in the following we will restrict to the case of a Wilson loop in the fundamental representation.
For a general Gaussian two-matrix model with action
the planar two-point resolvent
is given by
where y 1 (z 1 ) and y 2 (z 2 ) are two resolvent functions
Here the parameters α, α 1 and α 2 are related to the parameters in the action by
For the two-matrix model (4.3), we get
As it is clear from the definition (4.9), to extract the correlators tr Y J tr e X we should expand the resolvent in inverse powers of z 2 14) extract the term with n = J, and perform the inverse Laplace transform on the z 1 variable
By expanding (4.10), we get
Using the explicit expression for y 1 (z 1 ), the inverse Laplace transform yields 18) where I J (x) is a modified Bessel function of the first kind
Putting everything together, our final result for the correlator in the planar limit is then
Expanding this expression at weak coupling, we get
which agrees, as expected, with the leading order perturbative result (3.27).
Let us now extract the strong coupling asymptotics of (4.20) . To compare to the string theory calculation, it is somewhat more convenient to work with the normalized local operators, see Section 5
At strong coupling it is also natural to normalize the correlator by the Wilson loop expectation value, which is given by [4, 17, 18 ]
The normalized correlator then reads
Using the asymptotic expansion
we get the following large λ expansion of the correlator
(4.26) The leading term is in precise agreement with the dual string theory on AdS 5 × S 5 , as shown in Section 5.
Equivalence with the complex matrix model
The two-matrix model (4.6) can be written in complex notations, so that one can see the equivalence with the complex matrix model which was first proposed in [36] to compute the correlator of a circular 1/2 BPS Wilson loop and a chiral primary operator, see [6, [38] [39] [40] [41] [42] for related work and [37] for the extension to the circular 1/4 BPS Wilson loop.
First we rewrite the matrix model (4.6) as
(4.27) Next we introduce new complex matrices
and change variables in the matrix integral (4.27) from X and Y to Z andZ. 12 The Jacobian of this change of variables is a number independent of X and Y , which only changes the overall normalization of the partition function. Since we normalize the correlation functions in the matrix model by the partition function, this Jacobian does not matter. Therefore we get
(4.29) 11 Here we only include the contribution of the dominant saddle point at x → ∞.
This agrees with the complex matrix model of [36] and its extension to the 1/4 BPS circular loop [37] . The i in the factor (ir/A 1 ) J takes into account that Φ in our conventions is valued in the Lie algebra and thus is an anti-Hermitian matrix for the SU(N) theory, and the r/A 1 comes from the finite-distance propagator between our local operator and the Wilson loop. The coefficient in the action of the complex matrix model in the case of a latitude at polar angle θ reduces to the familiar [37]
Note that in earlier works one often considers the case in which the local operator is inserted at large distance from the Wilson loop, so that the correlator is used to extract the coefficient of the chiral primary in the operator product expansion of the Wilson loop [46] . However, suppose that we insert the local operator at the north pole of S 2 . Then we can make a conformal transformation which maps the north pole to infinity, and our results on the matrix model for O J and W (C) will still hold. Hence we have shown that the 2d YM-conjecture of [17] [18] [19] on the Wilson loops on S 2 , refined here to treat the local operators (see also [31] ), implies as a special case the complex matrix models suggested in [36, 37, 39] for the OPE of circular 1/2 (1/4) BPS Wilson loops and chiral primaries.
Strong coupling computations
The single trace chiral primary operators of N = 4 SYM take the form
where A 1 , . . . , A J = 1, . . . , 6 are SO(6) R indices, and the tensor C A 1 A 2 ···A J is symmetric and traceless in each pair of indices. These operators preserve half of the Poincaré supersymmetries, and they have protected conformal dimension ∆ = J. In particular, an operator of the form
with u a complex six-vector satisfying u 2 = 0, is a chiral primary operator. Note that the operators of interest in this paper, O J = tr (Φ n + iΦ 4 ) J , take this form and are therefore chiral primaries. However notice that the complex vector u is taken to be spacetime dependent u = (x i /r, i, 0, 0) in this case.
The AdS 5 × S 5 dual description of the chiral primary operators is well established from the early days of the AdS/CFT correspondence. A chiral primary operator of dimension J corresponds in the bulk to the Jth Kaluza-Klein mode on S 5 of a certain supergravity scalar field which is a linear combination of the fluctuations of the metric and RR 4-form potential along the S 5 directions 13 . This was first worked out in [50] , based on the analysis of [51] , and we refer the reader to the original literature for more details. Let us denote the relevant 10d scalar field by s(x, y), where
are coordinates on AdS 5 with Poincaré metric
and y are coordinates on S 5 . Then we can expand the field s(x, y) in
where Y J (y) are scalar spherical harmonics satisfying
Note that spherical harmonics on S 5 transform in the same representation of SO(6) R as the chiral primaries (5.1). If we parameterize the S 5 in terms of flat R 6 coordinates Θ A satisfying Θ 2 = 1, then the spherical harmonic corresponding to (5.1) and satisfying 6) or Y J = (u · Θ) J for the operator in (5.2). The supergravity equations of motion imply that the 5d scalar fields obey [50] [51]
By the standard AdS/CFT dictionary, a scalar field in AdS 5 with m 2 = J(J − 4) is dual to an operator of conformal dimension J, which is identified with the chiral primary operator at the boundary. In the spectrum one finds only modes with J ≥ 2, consistently with the fact that the dual gauge theory has gauge group SU(N) (chiral primaries with J = 1 do not exist due to tracelessness of the SU(N) generators).
The equation of motion for the 5d field s J (x) with a source located at the boundary can be solved in terms of the bulk-to-boundary propagator
This description is appropriate as long as J ≪ N . Chiral primaries of large conformal dimension, J ∼ N , are dual to spherical D3 brane probes wrapping an S 3 inside AdS 5 or S 5 . These are the giant gravitons of [47, 48] . For dimension J ∼ N 2 the most appropriate dual description is given by the backreacted geometries of [49] .
Correlators of local operators and Wilson loops
In the string theory dual, the correlator between a local operator O J (x 0 ) and a Wilson loop is obtained by computing the amplitude for the process in which the supergravity mode dual to O J (x 0 ) is emitted from the insertion point x 0 at the boundary and then absorbed at a point on the string worldsheet dual to the Wilson loop [46] (see also [6] for a review), see Figure 2 . This requires to work out how the scalar field s(x, y) couples to the string worldsheet. The Polyakov action for the AdS 5 × S 5 string reads, in conformal gauge
15) where g µν , g mn are the AdS 5 and S 5 metrics respectively. To linear order, the supergravity mode s(x, y) is related to the metric fluctuations h µν , h mn around the background g µν , g mn as follows [40, 46, 50] 
In the first line ∇ (µ ∂ ν) stands for the symmetric traceless part
To linear order, the coupling of the s(x, y) field to the worldsheet is simply obtained by inserting the first order fluctuations (5.16) into the Polyakov action
The field s(x, y) can be written in terms of the boundary source as explained in the previous section 19) and the normalized correlator is then obtained by functionally differentiating with respect to the source
The calculation now proceeds analogously to [37, 40, 46] . One important difference, however, is that in those works the local operator was inserted at large distance from the Wilson loop, which yield a considerable simplification in the form of the bulk-toboundary propagator. In our case, we wish to insert the local operators on the same For the explicit calculation, it will be convenient to work with the flat embedding coordinates Θ A on S 5 satisfying Θ 2 = 1. The spherical harmonic corresponding to O J (x 0 ) then can be written as
The string solutions dual to the 1/8 BPS Wilson loops on S 2 reside on a AdS 3 × S 2 subspace of AdS 5 × S 5 , where the AdS 3 ∈ AdS 5 is defined by x i x i + z 2 = r 2 , x 4 = 0, and the S 2 ∈ S 5 is parameterized by the unit 3-vector Θ i , while Θ 4,5,6 = 0, see [17] . Hence the Θ 4 in (5.21) can be effectively dropped in the following.
After carrying out the functional differentiation with respect to the source, we get
(5.22) To obtain the second term in the first line, we have used the fact that 23) which can be proven by noting that the string worldsheet satisfies the equations of motion
To further simplify (5.22) , it is convenient to integrate by parts the second term in the first line. This produces a boundary term which can be neglected since G J goes to zero sufficiently fast at the boundary (at least if the insertion point x 0 does not touch the Wilson loop, which we assume to be the case), plus a term proportional to
Here we have used the equations of motion for the Θ
Then the AdS 5 and S 5 contributions in (5.22) can be combined to give our final result Let us start by considering the string solution dual to the 1/4 BPS latitude [17, 43] . The corresponding Wilson loop on S 2 is depicted in Figure 3a . The explicit solution is given by
Here the range of the coordinates is 0 < σ < ∞, 0 < τ < 2π, and the parameter σ 0 is related to the latitude angle on S 2 by tanh σ 0 = sin θ 0 . Inserting this solution into (5.27), together with the explicit expression for the propagator given in (5.9), one obtains a somewhat complicated expression which we do not explicitly report here. Remarkably, we have verified by direct numerical integration that the result does not depend on the precise position x 0 ∈ S 2 of the local operator, but only on whether the operator sits "inside" or "outside" the loop. This is precisely the behavior expected from the gauge theory analysis and the relation to 2d YM. The integrand simplifies considerably if we take the insertion point to be the north or south pole: x 0 = (0, 0, ±r, 0). By doing a change of variables ξ = tanh σ we obtain
29) where ξ 0 = tanh σ 0 = sin θ 0 , and the choice of sign corresponds respectively to the insertion point at the north and south pole. Notice that the ξ integral is convergent since J ≥ 2, and the integration is elementary
So our final result is
(5.31) We see that this is in precise agreement with the matrix model result (4.26), since
and A 2 /A = cos
Another string solution which is explicitly known is the one corresponding to the 1/4 BPS loop made out of two half longitudes [17] . The corresponding Wilson loop on S 2 is depicted in Figure 3b . In conformal gauge, the string solution is [17] [29] 32) where the range of the coordinates is −∞ < τ < ∞, 0 < σ < π, and the parameter a is related to the opening angle between the two longitudes by δ = π(1 − a). Plugging the explicit solution into (5.27) we again find that, rather non-trivially, the correlator is (almost) independent of the insertion point x 0 as expected, and the final result is
(5.33) This is again in agreement with the matrix model result, since for this loop one has A 1 /A = (1 − a)/2 and A 2 /A = (1 + a)/2.
The volume form on S 2 is
where z = x 1 + ix 2 and
The 2d YM action in the gauge Az = 0 (we skip the Lie algebra indices assuming contractions where needed)
explicitly takes the form
where we have introduced
We now wish to represent the correlation functions of A z in terms of correlation functions of Fz z = ∂zA z .
We can change variables in the path integral from A z to ∂zA z . The Jacobian of this change of variables is trivial, but in the integration domain over Fz z we need to explicitly project out the zero modes Fz z dz ∧ dz = cµ where c is a constant, because such modes are not in the image of∂ : Ω 1,0 → Ω 1,1 . Hence, from the free action (A.5) we immediately get the correlation function of the free fields Fz z
which, of course, agrees 16 with (3.17) since
Next we express A z in terms of F zz . Using the fact that
one easily gets
16 In our conventions d 2 zδ 2 (z) = 1, and d 2 xδ 2 (x) = 1, and
The relation (A.10) makes sense on
Now, using (A.10) and (A.7) we represent the propagator for A z by means of auxiliary integrals over u-planes
The δ-function term in (A.7) removes one integral and for the remaining integration we use
(A.12) This identity can be shown by doing the integral over circles |u| = const using residues and then integrating over |u|. The contribution of the second term in (A.7) is obtained using the integral 1 2πi
Hence, the contribution of the second term in (A.7) is precisely cancelled by the second term in (A.12) and we get which, of course, agrees with (3.7).
A.1 Connected correlator of two circular Wilson loops on S 2
Here we explicitly compute the Feynman diagrams for the connected correlator of two latitude Wilson loops on S 2 using the propagator (A.14) for the gauge fields. We prove directly the equivalence of the light-cone gauge with the Hermitian two-matrix model of [29] [30].
We consider two concentric contours, the first contour C 1 given by |z| = r 1 and the second contour C 2 given by |z| = r 2 . We assume that r 1 < r 2 .
We denote points on C 1 as w i and points on C 2 as z i . There are three types of propagators (here we use the relationsw i = r (1 + r Now consider a ladder Feynman diagram where we take n points on the contour C 2 and n ′ points on the contour C 1 . A typical diagram is depicted in Figure 4 . There are two type of points z k . The points z k of the first type are connected by propagators to points w I(k) on the contour C 1 , where I(k) labels the point which connects with z k . The points of the second type on C 2 are pairwise connected with each other. We denote the set of the first type as T (2, 1) and the set of the second type as a disjoint union of T (2, 2) and I(T (2, 2) ). In other words, the set T (2, 2) contains a half of the points of the second type, and the set I(T (2, 2)) contains the remaining half. Let T 21 be the number of points in T (2, 1), and T 22 be the number of points in T (2, 2). Analogously, the T (1, 1) denotes the points on C 1 connected to the points in J(T (1, 1) ) on C 1 , and the connection map is denoted by J(k), i.e. we say that a point w k for k ∈ T (1, 1) connects to a point w J(k) . Clearly, n + n ′ = 2(T 22 + T 21 + T 11 ).
As usual, these Feynman diagrams arise from expanding each Wilson loop in the correlator W R (C 2 )W R ′ (C 1 ) in powers of the gauge field where here and in all formulae below symbol b a dz means integration over the contour C 2 such that the points a, z, b on C 2 are placed in the counterclockwise order. Using the cyclic invariance of the trace we can rewrite this term as the 1/n-th of all cyclic to the set T (2, 1) 17 . Then for the given ladder diagram D we get This expression agrees with the corresponding Feynman diagram in the two-matrix model [29] [30] . To see the equivalence one needs expressions for the areas A 1 , A 2 on S 2 written in terms of r 1 , r 2 . We denote by A 1 the area of the disk on S 2 inside C 1 (|z| < r 1 ) and by A 2 the area outside C 2 (|z| > r 2 ). Using z = e iφ tan 
(A.26) which has been derived from the zero-instanton sector of 2d YM.
